On space-like generalized constant ratio hypersufaces in Minkowski
  spaces by Ergüt, Mahmut et al.
ar
X
iv
:1
60
3.
08
41
5v
2 
 [m
ath
.D
G]
  8
 N
ov
 20
18
On space-like generalized constant ratio
hypersufaces in Minkowski spaces
Alev Kelleci∗, Mahmut Ergu¨t†and Nurettin Cenk Turgay ‡§
November 9, 2018
Abstract
A hypersurface in a (semi-) Euclidean space En+1
s
is said to be a gen-
eralized constant ratio (GCR) hypersurface if the tangential part of its
position vector is one of its principle directions. In this work, we move
the study of generalized constant ratio hypersurfaces started in [5] into
the Minkowski space. First, we get some geometrical properties of non-
degenerated GCR hypersurfaces in an arbitrary dimensional Minkowski
space. In this paper, we study generalized constant ratio (GCR) hyper-
surfaces in Euclidean spaces. We mainly focus on the hypersurfaces in
E
4
1. Then, we obtain the complete classification of space-like GCR hyper-
surfaces with vanishing Gauss-Kronecker curvature. We also give some
explicit examples.
MSC 2010 Classification. Primary: 53C42; Secondary: 53D12,
53B25.
Keywords. Generalized constant ratio hypersurfaces, Minkowski 3-
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1 Introduction
The theory of semi-Riemannian submanifolds of semi-Euclidean spaces is a very
active research field. In particular, problems related with position vector of
submanifolds have cough interest of many geometers so far. In this direction, the
notion of constant ratio submanifolds in Euclidean spaces was firstly introduced
by B.-Y. Chen in [2](see also [1]). By the definition, a submanifold of Euclidean
space is said to be of constant ratio if the ratio of the length of the tangential
and normal components of its position vector is constant.
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Let M be a hypersurface in the Euclidean En+1 with the position vector x
and θ denote the angle function between x and the unit normal vector field N
of M . If the tangential part xT of x is one of its principal directions, then M is
said to be a generalized constant ratio (GCR) surface, [5]. One can show that
being GCR of M is equivalent to Y (θ) = 0, whenever Y is a tangent vector field
orthogonal to x, [5]. Note that M is a CR hypersurface if and only if it is a
GCR surface satisfying xT (θ) = 0.
We also would like to note that GCR surfaces in Euclidean 3-space E3 are also
related with constant slope surfaces introduced by M. I. Munteanu in [10], where
the author obtain the complete classification of such surfaces in the E3. Further,
similar techniques are used in [7, 8] in order to obtain the complete classification
of constant slope surfaces in E31. We would like to note that an important prop-
erty of constant slope surfaces in Euclidean 3-space E3 and Minkowski 3-spaces
is the following: Let U and x denote the projection of position vector on the
tangent plane of the surface and a generic point in ambient space, respectively.
If the projection U makes constant angle with the normal vector of the surface
at that point, then U is a canonical principal direction of the surface with the
corresponding principal curvature being different from zero.
Several classifications of GCR hypersurfaces in semi-Euclidean spaces have
been appeared so far. For example, GCR surfaces in the Euclidean space E3
and Minkowski space E31 were classified in [5] and [6], respectively. Furthermore,
in [6] authors also gave the characterizations of the flat and CMC Lorentz GCR
surfaces in E31. On the other hand, several characterization results on GCR
hypersurfaces of Euclidean spaces were obtained in [14].
In the present paper, we would like to move the study of GCR hypersurfaces
in Euclidean spaces initiated in [5, 14] into semi-Euclidean spaces by obtain-
ing the complete classification of space-like GCR hypersurfaces in Minkowski
4-space. This paper is organized as follows. In Sect. 2, we introduce the no-
tation that we will use and give a brief summary of basic definitions in theory
of submanifolds of semi-Euclidean spaces. In Sect. 3, we obtain some of geo-
metrical properties of space-like GCR hypersurfaces in a arbitrary dimensional
Minkowski space En+11 . In Sect. 4, we obtain the complete classification of
space-like GCR hypersurfaces in the Minkowski 4-space.
2 Preliminaries
Let Ems denote the pseudo-Euclideanm-space with the canonical pseudo-Euclidean
metric tensor g of index s given by
g˜ = 〈 , 〉 = −
s∑
i=1
dx2i +
m∑
j=s+1
dx2j ,
where (x1, x2, . . . , xm) is a rectangular coordinate system in E
3
1. We put
S
m−1
s (r
−2) = {x ∈ Ems : 〈x, x〉 = r
2},
H
m−1
s−1 (r
−2) = {x ∈ En+11 : 〈x, x〉 = −r
2}.
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Note that Sm−1s (r
2) and Hm−1s−1 (−r
2) are the complete pseudo-Riemannian man-
ifolds of constant curvature r2 and −r2, respectively. Moreover, we will put
H
m−1
0 (−r
2) = Hm−1(−r2).
A non-zero vector v in Ems is said to be space-like, time-like and light-like
(null) regarding to 〈v, v〉 > 0 , 〈v, v〉 < 0 and 〈v, v〉 = 0, respectively. Note that
v is said to be causal if it is not space-like.
2.1 Space-like Hypersurfaces in the Minkowski space.
Let M be an oriented hypersurface in En+11 with the position vector x and
unit normal vector N associated with the orientation of M . The immersion x
(or, equivalently hypersurface M) is said to be space-like (resp. time-like) if
the induced metric g = g˜|M of M is Riemannian (resp. Lorentzian). This is
equivalent to being time-like (resp. space-like) of N at each point of M .
We denote the Levi-Civita connections of M and En+11 by ∇ and ∇˜, respec-
tively. Then, Gauss and Weingarten formulas are given, respectively, by
∇˜XY = ∇XY + h (X,Y ) , (2.1)
∇˜XN = −S(X) (2.2)
for any tangent vector fields X,Y , where h and S are the second fundamental
form and the shape operator (or Weingarten map) of M , respectively. The
second fundamental form and the shape operator are related by
〈S(X), Y 〉 = 〈h (X,Y ) , N〉 . (2.3)
Now, let M be space-like. Then, its shape operator S is diagonalizable,
i.e., there exists a local orthonormal frame field {e1, e2, . . . , en;N} such that
Sei = kiei, i = 1, 2, . . . , n. In this case, the vector field ei and smooth function
ki are called a principal direction and a principal curvature of M .
The Gauss and Codazzi equations are given, respectively, by
〈R(X,Y )Z,W 〉 = 〈h(Y, Z), h(X,W )〉 − 〈h(X,Z), h(Y,W )〉, (2.4)
(∇˜Xh)(Y, Z) = (∇˜Y h)(X,Z), (2.5)
where R is the curvature tensor associated with the connection ∇ and ∇˜h is
defined by
(∇˜Xh)(Y, Z) = ∇
⊥
Xh(Y, Z)− h(∇XY, Z)− h(Y,∇XZ).
3 Hypersurfaces in En+11
In this section, we consider GCR hypersurfaces in a Minkowski space En+11 .
Let M be a hypersurface in a semi-Euclidean space En+1s and x :M → E
n+1
s
an isometric immersion. Since x can be considered as a vector field defined on
M , it can be expressed as
x = xT + x⊥, (3.1)
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where xT and x⊥ denote the tangential and normal parts of x. Before we
proceed, we would like to recall the following definition. Note that this definition
is given in [5] when the ambient space is E3.
Definition 1 Let M be a non-degenerated hypersurface in En+1s . M is said to
be a generalized constant ratio (GCR) hypersurface if the tangential part of its
position vector is one of its principal directions.
Remark 2 We want to note that if M is a surface in S2(1)×E or H2(−1)×E,
then U = xT is called the canonical principal direction of M by some geometers
provided U to be an eigenvector of the shape operator S of M , [11, 12].
Remark 3 If xT = 0 in the decomposition (3.1), i.e., x is normal to M , then
we have 〈x, x〉 = const which yields that M is an open part of either Sn(r−2) or
H
n(−r−2) for some r > 0.
Before we proceed, we would like to give the following theorem for the case
of being light-like of xT .
Theorem 4 Let M be a non-degenerated hypersurface in En+11 with position
vector x. If M is GCR, then the tangential part xT of x can not be light-like.
Proof. Consider a non-degenerated hypersurface in En+11 such that x
T is light-
like. Then, we have M is time-like and
x = f1 + 〈x, x〉N (3.2)
for a light-like tangent vector field f1.
Towards contradiction, assume that M is GCR, i.e., f1 is an eigenvector
of M . Then, we have Sf1 = k1f1 for a smooth function k1. Moreover, there
exists a light-like tangent vector field f2 such that 〈f1, f2〉 = −1 and 〈Sf1, f2〉 =
−k1 which implies h(f1, f2) = −k1N . By applying f2 to (3.2) and considering
∇˜f2x = f2, we obtain
f2 = ∇f2f1 + h(f1, f2)N + f2 (〈x, x〉)N − 〈x, x〉Sf2. (3.3)
The normal part of this equation gives
k1 = f2 (〈x, x〉) = −2.
However, by a further computation using (3.3), we get
−1 = 〈x, x〉〈Sf2, f1〉
which implies being constant of 〈x, x〉. Hence, M is an open part of either
S
n
1 (r
−2) or Hn(−r−2) for some r > 0 which yields a contradiction.
Remark 5 Because of Remark 3 and Theorem 4, after this point, we, locally,
assume that xT 6= 0.
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We also need the following lemma given in [3].
Lemma 6 Let x : M −→ Emυ be an isometric immersion of a Riemannian
n-manifold into the pseudo-Euclidean space Emυ . Then, on the open subset
U =
{
p ∈M : xT 6= 0
}
the distribution D =
{
X ∈ TpU :
〈
X, xT
〉
= 0
}
is an
integrable distribution, [3].
Now, we would like to give the following result obtained from the above
Lemma 6, directly.
Remark 7 Let M be a space-like GCR hypersurface in En+11 Minkowski spaces.
Then, D = Span {e2, . . . , en} and D⊥ = Span {e1} are integrable distributions
on M .
Now, we will obtain with the geometrical properties of GCR hypersurfaces
given in the following proposition.
Proposition 8 Let M be an oriented hypersurface in the Minkowski space
E
n+1
1 and x its position vector. Consider a unit tangent vector field e1 =
xT
ε(〈xT , xT 〉)1/2
along xT . Then, M is a GCR hypersurface if and only if a
curve α is a geodesic of M whenever it is an integral curve of e1.
Proof. We will consider being space-like or time-like of xT , separately.
Case I. Let xT is time-like. In this case, e1 = x
T /(−〈xT , xT 〉)1/2 is time-like
and M is Lorentzian. Thus, we have
x = −〈x, e1〉e1 + 〈x,N〉N.
Since ∇˜e1x = e1, this equation yields
e1 = (1− 〈x,N〉〈Se1, e1〉)e1 − 〈x, e1〉∇˜e1e1 + 〈x, Se1〉N − 〈x,N〉Se1.
The tangential part of this equation yields Se1 = k1e1 if and only if ∇e1e1 = 0
which is equivalent to being geodesic of all integral curves of e1.
Case II. Let xT is space-like. In this case, e1 = x
T /(〈xT , xT 〉)1/2 is space-
like. Thus, we have
x = 〈x, e1〉e1 + ε〈x,N〉N, (3.4)
where ε is either 1 or -1 regarding to being time-like or space-like of M , respec-
tively.
Similar to Case I, we obtain Se1 = k1e1 if and only if ∇e1e1 = 0. Conse-
quently, the proof is completed.
Now, assume that M is an oriented space-like GCR hypersurface in En+11 , x
its position vector satisfies the condition µ =
√
|〈x, x〉| and {e1, e2, . . . , en;N} is
a local orthonormal frame field consisting of principal directions ofM , k1, k2, . . . , kn
are corresponding principal curvatures and e1 is proportional to x
T and N is
the unit normal vector field associated with the orientation of M . Note that N
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is time-like because of the hypersurface M being a space-like one. Further, let〈
xT , xT
〉
6= 0 and e1 = xT /(〈xT , xT 〉)1/2. Also we can locally assume µ 6= 0,
since M is non-degenerated. Thus, the position vector x of M satisfies either
〈x, x〉 < 0 or 〈x, x〉 > 0.
Case I. Let 〈x, x〉 = µ2. In this case, (3.1) implies
x = µcoshθe1 − µsinhθN (3.5)
and from the assumption we have
e1(µ) = coshθ, (3.6a)
ej(µ) = 0, j = 2, 3, . . . , n. (3.6b)
One consider the equalities (3.6) and 〈e1, e1〉 = 1 in the decomposition (3.5),
then
∇e1e1 = 0, (3.7a)
e1 = (−cosh
2θ + µsinhθe1(θ) + k1µsinhθ)e1
(−k1µcoshθ − sinhθcoshθ − µcoshθe1(θ))N, (3.7b)
ej = µsinhθej(θ)e1 + µcoshθ∇ej e1
−µcoshθej(θ)N + kjµsinhθej , j = 2, 3, . . . , n (3.7c)
are obtained. From there, we obtain
k1 = −e1(θ)−
sinhθ
µ
, (3.8a)
ej(θ) = 0, (3.8b)
∇ej e1 =
1− kjµsinhθ
µcoshθ
ej , j = 2, 3, . . . , n. (3.8c)
Case II. Let 〈x, x〉 = −µ2. In this case, (3.1) implies
x = µsinhθe1 − µcoshθN. (3.9)
Since 〈x, x〉 = −µ2, we get
e1(µ) = −sinhθ, (3.10a)
el(µ) = 0, l = 2, 3, . . . , n. (3.10b)
By considering the equalities (3.10) and 〈e1, e1〉 = 1 in (3.9), we obtain
∇e1e1 = 0, (3.11a)
e1 = (−sinh
2θ + µcoshθe1(θ) + k1µcoshθ)e1
(−k1µsinhθ − sinhθcoshθ − µsinhθe1(θ))N, (3.11b)
el = µcoshθel(θ)e1 + µsinhθ∇ele1
−µsinhθel(θ)N + klµcoshθel, l = 2, 3, . . . , n. (3.11c)
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So, we have
k1 = −e1(θ)−
coshθ
µ
, (3.12a)
el(θ) = 0, (3.12b)
∇ele1 =
1− klµcoshθ
µsinhθ
el, l = 2, 3, . . . , n. (3.12c)
Note that sinceM is a space-like hypersurface, so S its shape operator can be
diagonalized, i.e., S(ei) = kiei, i = 1, . . . , n. Therefore, the Codazzi equations
(2.5) can be written as
ei(kj) = ωij(ej)(ki − kj), i, j = 1, . . . , n (3.13)
and
ωij(ek)(ki − kj) = ωik(ej)(ki − kk), i, j, k = 1, . . . , n, (3.14)
for each triplet (j,i,j) and (i,j,k), respectively.
By summing up the results obtained so far, we would like to state following
proposition.
Proposition 9 LetM be a space-like hypersurface in the Minkowski space En+11
and 〈x, x〉 < 0 (resp. 〈x, x〉 > 0). Then M is GCR hypersurface if and only if
Y (θ) = 0, whenever 〈Y, xT 〉 = 0, where θ is the angle function define in (3.5)
(resp. (3.9)).
Proof. Let M be a space-like GCR hypersurface and x its position vector. In
this case, the position vector x is the one of the decomposition given in (3.5)
or (3.9). The necessary condition follows from (3.8b) (resp. (3.12b)), directly.
The converse follows from a direct computation.
Although it is out of scope of this paper, we would like to state the following
result which is a direct result of (3.8) and (3.12).
Proposition 10 Let M be a space-like GCR hypersurface in the Minkowski
space En+11 and e1 is a unit normal vector field along x
T . Then there exists a
local coordinate function sˆ such that e1 = ∂sˆ.
Proof. We consider the case 〈x, x〉 < 0. The other case follows from an analo-
gous computation.
Let ζ1, ζ2, . . . , ζn be the dual base of e1, e2, . . . , en. By a direct computation
using (3.11a) and (3.12a) , we obtain dζ1 = 0 , i.e., ζ1 is closed. Poincare Lemma
(see in [4]) yields that it is exact, i.e., there exists a local coordinate function s
such that ζ1 = dsˆ.
4 Space-like hypersurfaces in E41
In this section, we consider space-like GCR hypersurfaces in the Minkowski
4-space with vanishing Gauss-Kronicker curvature.
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LetM be a space-like hypersurface in E41 with the position vector x. We will
consider the following cases independently: If 〈x, x〉 > 0 and 〈x, x〉 < 0, then M
is said to lay in the space-like cone and light-like cone of E41, respectively.
4.1 Hypersurfaces Lying in the Space-Like Cone
In this subsection, we deal with the following case: the position vector x of the
hypersurface M lies in the space-like cone, i.e., 〈x, x〉 = µ2. In this case, the
position vector x is decomposed as in (3.5) for smooth functions θ and µ as
before defined. By considering the equations (3.6)-(3.8), (3.13) and (3.14) for
n = 3, we will give the following, directly:
Lemma 11 The Levi-Civita connection, ∇ of the GCR hypersurface M satis-
fies
∇e1e1 = 0, ∇e1e2 = ω23(e1)e3, ∇e1e3 = −ω23(e1)e2,(4.1a)
∇e2e1 = ω12(e2)e2, ∇e2e2 = −ω12(e2)e1 + ω23(e2)e3, ∇e2e3 = −ω23(e2)e2,(4.1b)
∇e3e1 = ω13(e3)e3, ∇e3e2 = −ω23(e3)e3, ∇e3e3 = −ω13(e3)e1 − ω23(e3)e2.(4.1c)
Here, ω1l(el) =
1− µ sinh θkl
µ cosh θ
, l = 2, 3. Also, for i, j, k = 1, 2, 3, the principal
curvature functions k1, k2, k3 satisfy
ω23(e1)(k2 − k3) = 0, (4.2a)
e2(k1) = e3(k1) = 0, (4.2b)
e1(k2) = ω12(e2)(k1 − k2), e3(k2) = ω23(e2)(k2 − k3), (4.2c)
e1(k3) = ω13(e3)(k1 − k3), e2(k3) = ω23(e3)(k2 − k3). (4.2d)
Before we proceed to our main result, we would like to give the following
examples of GCR hypersurfaces with vanishing Gauss-Kronecker curvature:
Example 12 Let M = H2 × E1 in Minkowski spaces E41 be a hypercylinder
parametrized as
x(s, t, u) =
(
x1(s, t), x2(s, t), x3(s, t), u
)
.
Further, its normal is N(s, t) =
(
x1(s, t), x2(s, t), x3(s, t), 0
)
. Therefore, x can
be written as x = u
∂
∂u
+N . Note that, here the tangent vector
∂
∂u
is the prin-
cipal direction corresponding with the principal curvature k1 = 0. Consequently,
the hypercylinder M with vanishing Gauss-Kronecker curvature is a GCR hy-
persurface.
Example 13 Let α be a unit speed curve lying on S31(1) ⊂ E
4
1 and F1(u), F2(u)
two orthonormal vector fields spanning the normal space of α in S31(1), i.e.,
〈F1, F2〉 = 〈F1, α〉 = 〈F1, α
′〉 = 〈F2, α〉 = 〈F2, α
′〉 = 0, (4.3)
〈F1, F1〉 = 〈F2, F2〉 = 1. (4.4)
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Consider the hypersurface in E41 given by
x(s, t, u) = sα(u)− c
(
F1(u) cosh
(
t
c
)
+ F2(u) sinh
(
t
c
))
(4.5)
for a non-constant c. One can check that the unit normal vector field of M
is N = F1(u) cosh
(
t
c
)
+ F2(u) sinh
(
t
c
)
by a direct computation and principal
directions of M are obtained as e1 = ∂s = α(u), e2 = ∂t, e3 =
1
‖xu‖
∂u
corresponding to principal curvatures 0, 1c , k3, respectively. Therefore, the hy-
persurface M is a GCR and its Gauss-Kronecker curvature vanishes because of
the first principal curvature k1 = 0.
Example 14 Let y : Λ −→ S31(1) ⊂ E
4
1 be an oriented regular surface with the
spherical normal N , where Λ is an open subset in R2. Consider the hypersurface
M in E41 given by
x : I × Λ −→ E41,
x(s, t, u) = sy(t, u)− cN(t, u) (4.6)
where c is a constant. Here, since the vector field N is the spherical normal of
the surface y, we have
〈yt, N〉 = 〈ys, N〉 = 〈y,N〉 = 0.
By considering these in (4.6), we get directly
〈xt, N〉 = 〈xs, N〉 = 〈xu, N〉 = 0.
So, one can conclude that the vector field N is also the unit normal of the hyper-
surface of M . Furthermore, we have xss = 0 from (4.6) and also 〈xst, N〉 = 0
and 〈xtt, N〉 = 0. So, h(∂s, X) = 0 is satisfied for all tangent vector X on
M which say that S(∂s) = 0. Therefore, the Gauss-Kronecker curvature of the
hypersurfece M vanishes and ∂s = y(t, u) is a principal direction of the hyper-
surface. Consequently, M is a GCR hypersurface.
In the rest of this part, we will prove the following theorem:
Theorem 15 LetM be a space-like hypersurface with vanishing Gauss-Kronecker
curvature in the Minkowski space E41. Then, M is a GCR hypersurface if and
only if it is congruent to one of the following 3 types of hypersurfaces.
(i) A part of the hypercylinder given in Example 12,
(ii) A hypersurface parametrized with (4.5) in Example 13,
(iii) A hypersurface parametrized with (4.6) in Example 14.
In order to do the proof of Theorem 15, we will firstly prove the followings:
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Proposition 16 Let M be a space-like hypersurface in the Minkowski space E41.
If the Gauss-Kronecker curvature of M vanishes, then the principal curvature
k1 of M identically vanishes, i.e., the following is satisfied
e1(θ) = −
sinh θ
µ
. (4.7)
Proof. Let M be a space-like hypersurface with vanishing Gauss-Kronecker
curvature in the Minkowski space E41 and e1 = x
T /‖xT ‖, e2, e3 its principal
directions with corresponding principal curvatures k1, k2, k3, respectively, at a
point of p ∈M . Assume towards contradiction, that k1(p) 6= 0 at the point p. In
this case there exist a neighborhood Np of p on which k1 does not vanish. Since
M is a space-like GCR hypersurface, its shape operator S can be diagonalized.
Moreover, since the hypersurface M is a flat, detS = k1k2k3 = 0. Note that as
k1 6= 0, one conclude k2 = 0 or k3 = 0 for all point on Np.
Without loss of generality, assume k2 = 0. In this case, we get directly
ω12(e2) =
1
µ cosh θ
for l = 2, from Lemma 11. On the other hand, if we consider
the first equation given in (4.2c) with the last result, then we get 0 =
1
µ cosh θ
k1
on Np which is a contradiction. Thus, we have k1 = 0 on M . Consequently, if
this result substitutes in (3.12a), then we obtain (4.7).
We also need the following being the result of the above proposition.
Corollary 17 Let M be a space-like hypersurface in the Minkowski space E41. If
the Gauss-Kronecker curvature of M vanishes, then the position vector x given
in (3.5) is decomposed as
x = fe1 − cN (4.8)
where the smooth function f satisfies
e1(f) = 1, e2(f) = e3(f) = 0 (4.9)
and c is a non-zero constant.
Proof. Let M be a space-like hypersurface with vanishing Gauss-Kronecker
curvature in the Minkowski space E41, i.e., the equation (4.7) is satisfied. Con-
sidering with together (4.7) and equations given in (3.6) for n = 3, then we have
e1(µ cosh θ) = cosh θ cosh θ + µ sinh θ
(
−
sinh θ
µ
)
= 1, (4.10a)
e1(µ sinh θ) = cosh θ sinh θ + µ cosh θ
(
−
sinh θ
µ
)
= 0. (4.10b)
Morever, if the last equalities are considered in (3.5) with a smooth function f
defined by (4.9), then we obtain directly (4.8). Therefore, the proof of Corollary
is completed.
Now, we are ready to start the proof of the first main theorem:
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The proof of Theorem 2. The position vector x of a space-like GCR hypersurface
M with vanishing Gauss-Kronecker curvature is given in (4.8). Note that if the
equalities (4.10) consider in ω1j(ej) =
1− µ sinh θkj
µ cosh θ
such that j = 2, 3, then
we get
ω1j(ej) =
1− ckj
f
, j = 2, 3 (4.11)
where c is a non-zero constant. On the other hand, we get [e2, e3] = −ω23(e2)e2−
ω23(e3)e3 by considering (4.1). So, we conclude the distributionD
⊥ = Span {e2, e3}
is involutive and the distribution D = Span {e1} is trivially involutive. There-
fore, there exist (s, t, u) local coordinate system such that D = Span {∂s} and
D⊥ = Span {∂t, ∂u} by applying local Frobenius’ Theorem. On the other hand,
as before mentioned in Proposition 16, we know the first principal curvature of
the flat hypersurface M vanishes. Thus we get ∇˜e1N = 0 and ∇˜e1e1 = 0 with
direct calculation. From there, one conclude e1 = e1(t, u) and N = N(t, u).
Furthermore, we get f = f(s) from (4.9). If the obtained expressions are sub-
stituted in the decomposition (4.8), then the position vector x is given by
x(s, t, u) = f(s)e1(t, u)− cN(t, u). (4.12)
Now, we want to consider three cases seperately:
Case 1. Let ∇e2e1 = 0 and ∇e3e1 = 0. In this case, we get directly
ω1l(el) = 0 for l = 2, 3, from the first equalities in (4.1b) and (4.1c), . Thus,
the equations (4.11) imply k2 = k3 =
1
c
, i.e., M is a space-like isoparametric
hypersurface with principal curvatures of GCR hypersurface M obtained as
0, 1/c, 1/c. Thus, M is a part of the hypercylinder H2 × E1 given in Example
12, (see [13]). Consequently, we have the case (i) of the Theorem.
Case 2. Let ∇e2e1 = 0 and ∇e3e1 6= 0. In this case, we get directly
ω12(e2) = 0 and ω13(e3) 6= 0 from the first equalities in (4.1b) and (4.1c),
respectively. If the first of obtained equalities substitutes in (4.11) for j = 2,
then we get k2 =
1
c where k2 6= k3. If this expression is considered in (4.2a) and
(4.2c), then we get ω23(e1) = 0 and ω23(e2) = 0, respectively. So, from (4.1)
we get [e2, e3] = ω23(e3)e3, [e1, e2] = 0 and [e1, e3] = −ω13(e3)e3 with direct
calculation. On the other hand since D = Span {∂s} and D⊥ = Span {∂t, ∂u},
there exist some smooth functions a11, a22, a23, a32, a33 such that
e1 = a11
∂
∂s
, (4.13a)
e2 = a22
∂
∂t
+ a23
∂
∂u
(4.13b)
e3 = a32
∂
∂t
+ a33
∂
∂u
. (4.13c)
By considering (4.13) in [e1, e2] = 0 and [e1, e3] = −ω13(e3)e3, we obtain
a11
(
(a22)s
∂
∂t
+ (a23)s
∂
∂u
)
−
(
a22
∂a11
∂t
+ a23
∂a11
∂u
)
= 0 (4.14)
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and
a11
(
(a32)s
∂
∂t
+ (a33)s
∂
∂u
)
−
(
a32
∂a11
∂t
+ a33
∂a11
∂u
)
= −ω13(e3)e3, (4.15)
respectively. From there, we have
(a22)s = (a23)s = 0, (4.16a)(
a22 a23
a32 a33
) (
(a11)t
(a11)u
)
= 0. (4.16b)
Since the vectors e2 and e3 are linear independent, the following is satisfied
det
(
a22 a23
a32 a33
)
6= 0.
So we conclude (a11)t = 0 and (a11)u = 0 from (4.16b). Therefore, we have
e1 = a11(s)
∂
∂s
. (4.17a)
By taking consider (4.16a) in (4.13b) yields
e2 = a22(t, u)
∂
∂t
+ a23(t, u)
∂
∂u
. (4.17b)
Now, we will consider the coordinate change such that S = Φ(s), T = Ψ1(t, u), U =
Ψ2(t, u), i.e.,
∂
∂s
= Φ′
∂
∂S
, (4.18a)
∂
∂t
= (Ψ1)t
∂
∂T
+ (Ψ2)t
∂
∂U
, (4.18b)
∂
∂u
= (Ψ1)u
∂
∂T
+ (Ψ2)u
∂
∂U
. (4.18c)
From there, if the transformation (4.18a) substitutes in (4.17a), then we obtain
e1 = a11(s)Φ
′(s)
∂
∂S
. On the other hand if the transformations (4.18b) and
(4.18c) consider in (4.17b), then we get
e2 =
(
a22(Ψ1)t + a23(Ψ1)u
) ∂
∂T
+
(
a22(Ψ2)t + a23(Ψ2)u
) ∂
∂T
.
Here, if we choose the function Φ and the functions Ψ1,Ψ2 as a11(s)Φ
′(s) = 1
and
a22(Ψ1)t + a23(Ψ1)u = 1,
a22(Ψ2)t + a23(Ψ2)u = 0,
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respectively, then the system (4.13) is written as
e1 =
∂
∂S
,
e2 =
∂
∂T
e3 = a˜32
∂
∂T
+ a˜33
∂
∂U
.
By abusing the notation in the rest of the proof of the Case 2, we will take as
S = s, T = t, U = u, a˜32 = a32 and a˜33 = a33.
Note that, by considering the above last obtained system and the expressions
∇˜e1N = 0, ∇˜e1e1 = 0, ∇˜e2e1 = 0 and ∇˜e3e1 6= 0, one conclude e1 = e1(u) and
N = N(t, u). Thus, we can take as f(s) = s from the equalities (4.9) with an
appropriate selection of parameters. If these obtained results are substituted in
the decomposition (4.12), then the position vector x of M is written by
x(s, t, u) = se1(u)− cN(t, u). (4.19)
Morever, since the principal curvature corresponding to the tangent vector e2
of this hypersurface is satisfied k2 =
1
c , we get ∇˜e2e2 = xtt = −
N
c
with direct
calculation. When xtt = −cNtt is considered to in the last expression, we get
the following partial differential equation
c2Ntt −N = 0
whose solution is given by
N(t, u) = F1(u) cosh(
t
c
) + F2(u) sinh(
t
c
). (4.20)
Here since the vector N is the unit normal of hypersurface, the vector valued
functions F1(u) and F2(u) must satisfy
〈F1, F1〉 = −1, 〈F2, F2〉 = 1, 〈F1, F2〉 = 0 (4.21)
and also 〈N, e1〉 = 0 is satisfied. On the other hand from the expression (4.19),
we get xsu = e1
′. Since xs is a principal direction, so one conclude 〈N, xsu〉 = 0.
The last obtained these equalities considering with (4.20), we get
〈F1, e1〉 = 〈F2, e1〉 = 0, 〈e1
′, F1〉 = 〈e1
′, F2〉 = 0 (4.22)
where ′ shows the ordinary derivative. Thus, the system {e1, e1′;F1, F2} sat-
isfying (4.21) and (4.22) defines an orthonormal field in Minkowski space E41.
Note that, since 〈e1, e1〉 = 1 and 〈e1, e1′〉 = 0 are satisfied, so e1 = e1(u) is
really corresponded to the curve α given in Example 13. Moreover, the system
{F1, F2} is the normal base of the curve α from (4.21) and (4.22). Consequently,
we get the hypersurface given in the case (ii) of the Theorem.
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CASE 3. Let ∇e2e1 6= 0 and ∇e3e1 6= 0. In this case, we see the vectors
∇e2e1 and ∇e3e1 are linear independent from the equation (3.12a). Therefore,
the description σ given by
σ : D⊥ −→ D⊥,
σ(X) = ∇Xe1
is the one-to-one. From this statement, the vectors
∂(e1)
∂t
and
∂(e1)
∂u
are linear
independent. Morever since 〈e1, e1〉 = 1,
y : Λ −→ S31(1) ⊂ E
4
1,
y(t, u) = e1(t, u)
defines a regular surface. On the other hand by considering 〈xs, N〉 = 〈xt, N〉 =
〈xu, N〉 = 0, we obtain 〈y,N〉 = 〈yt, N〉 = 〈yu, N〉 = 0. So, the vector field
N = N(t, u) is the normal of the surface y = y(t, u) in the de Sitter space
S
3
1(1). These obtained results substitute in the decomposition (4.12), we find
the hypersurface given in the case (iii) of the Theorem.
4.2 Hypersurfaces Lying in the Time-Like Cone
In this subsection we treat the remaining case: the immersion x of the hyper-
surfaceM lies in the time-like cone, i.e., 〈x, x〉 = −µ2. In this case, the position
function x can be decomposed as in (3.9) for smooth functions θ, µ as before de-
fined. Thus we will give directly the following Lemma for n = 3, by considering
(3.10)-(3.12), (3.13) and (3.14):
Lemma 18 The Levi-Civita connection, ∇ of the GCR hypersurface M satis-
fies
∇e1e1 = 0, ∇e1e2 = ω23(e1)e3, ∇e1e3 = −ω23(e1)e2,(4.23a)
∇e2e1 = ω12(e2)e2, ∇e2e2 = −ω12(e2)e1 + ω23(e2)e3, ∇e2e3 = −ω23(e2)e2,(4.23b)
∇e3e1 = ω13(e3)e3, ∇e3e2 = −ω23(e3)e3, ∇e3e3 = −ω13(e3)e1 − ω23(e3)e2.(4.23c)
Here, ω1l(el) =
1− µ sinh θkl
µ cosh θ
such that l = 2, 3. Also, the principal curvatures
k1, k2, k3 satisfy
ω23(e1)(k2 − k3) = 0, (4.24a)
e2(k1) = e3(k1) = 0, (4.24b)
e1(k2) = ω12(e2)(k1 − k2), e3(k2) = ω23(e2)(k2 − k3), (4.24c)
e1(k3) = ω13(e3)(k1 − k3), e2(k3) = ω23(e3)(k2 − k3), (4.24d)
for i, j, k = 1, 2, 3.
Now, we would like to give the following examples of GCR hypersurfaces
with vanishing Gauss-Kronecker curvature lying in the time-like cone:
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Example 19 Let M = S2( 1c2 )× E
1 in Minkowski spaces E41 be a hypercylinder
parametrized as
x(s, t, u) =
(
x1(s, t), x2(s, t), x3(s, t), u
)
.
Further, its normal is N(s, t) =
(
x1(s, t), x2(s, t), x3(s, t), 0
)
. Therefore,
x = u
∂
∂u
+N . Note that, the tangent vector
∂
∂u
is the principal direction cor-
responding with the principal curvature k1 = 0. Consequently, the hypercylinder
M with vanishing Gauss-Kronecker curvature is a GCR hypersurface.
Example 20 Let β be a unit speed curve lying on H31(−1) ⊂ E
4
1 and V1(u), V2(u)
two orthonormal vector fields spanning the normal space of β, i.e.,
〈V1, V2〉 = 〈V1, β〉 = 〈V1, β
′〉 = 〈V2, β〉 = 〈V2, β
′〉 = 0, (4.25)
〈V1, V1〉 = 〈V2, V2〉 = 1. (4.26)
Consider the hypersurface in E41 given by
x(s, t, u) = sβ(u)− c
(
V1(u) cosh
(
t
c
)
+ V2(u) sinh
(
t
c
))
(4.27)
for a non-constant c. Then, by a direct computation, one can check that the unit
normal vector field of M is N = V1(u) cosh
(
t
c
)
+ V2(u) sinh
(
t
c
)
and principal
directions of M are e1 = ∂s = β(u), e2 = ∂t, e3 =
1
‖xu‖
∂u corresponding
to principal curvatures 0, 1c , k3, respectively. Thus, the hypersurface M is a
GCR with vanishing Gauss-Kronecker curvature because of the first principal
curvature k1 = 0.
Example 21 Let r : Ω −→ H31(−1) ⊂ E
4
1 be an oriented regular surface with the
spherical normal N , where Ω is an open subset in R2. Consider the hypersurface
M in E41 given by
x : I × Ω −→ E41,
x(s, t, u) = sr(t, u) − cN(t, u) (4.28)
where c is a constant. Here, since the vector field N is the spherical normal of
the surface r,
〈rt, N〉 = 〈rs, N〉 = 〈r,N〉 = 0
are satisfied. Thus, by considering the above equalities in (4.28), we get directly
〈xt, N〉 = 〈xs, N〉 = 〈xu, N〉 = 0.
So, one can conclude that the vector field N is also the unit normal of the hyper-
surface of M . Furthermore, one get xss = 0 from (4.28) and also 〈xst, N〉 = 0
and 〈xtt, N〉 = 0. So, h(∂s, X) = 0 satisfied for all tangent vector X on M which
say that S(∂s) = 0. Therefore, the Gauss-Kronecker curvature of the hypersur-
fece M vanishes and ∂s = r(t, u) is a principal direction of the hypersurface.
Consequently, M is a GCR hypersurface.
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Finally, we want to give our second main theorem that his proof is completely
similar to the proof of the first main theorem as Theorem 15 given in the previos
subsection:
Theorem 22 LetM be a space-like hypersurface with vanishing Gauss-Kronecker
curvature in the Minkowski space E41. Then, M is a GCR hypersurface lying in
the time-like cone if and only if it is congruent to one of the following 3 types
of hypersurfaces.
(i) A part of the hypercylinder given in Example 19,
(ii) A hypersurface parametrized with (4.27) in Example 20,
(iii) A hypersurface parametrized with (4.28) in Example 21.
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